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Abstract

An important process in Grover’s quantum search algorithm is the iterative application of the inversion and diffusion
matrix. This process can be represented by a unitary matrix, S. In this letter, we diagonalize this matrix and show how the
matrix can be interpreted geometrically. q 2000 Elsevier Science B.V. All rights reserved.

In many computations, it is often essential to seek for efficient algorithms that can recover stored information
from a large database quickly. Indeed, a good search algorithm always leads to substantial improvement in the

w xspeed of the computation 1 . Traditionally linked memory is a common way for achieving this speed.
Specifically, one employs a mixture of trees or branching process and rummaged through a database using some
hashing functions.

Recently, it has been shown that it is possible to achieve immense improvement in the speed of computation
if we can realize our computation using a quantum mechanical system. A quantum mechanical system
essentially ameliorates the computational process using a superposition of states. The algorithm therefore
achieves some form of quantum parallelism. In particular, it has been shown recently that such quantum

w xmechanical computations can drastically reduce the time needed to prime factorize a large number 2 and the
w xtime needed in a search algorithm 3 .

w xIn a series of seminal papers, Grover 3 introduced a quantum algorithm that could achieve a speed-up in the
'Ž .computational implementation with only O N for a large structured database with N records. This compares

Ž .favorably with the classical result which can only execute a search with O N efficiency. Moreover, it has been
w xshown that Grover’s algorithm is optimal 4 .
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Ž .Grover’s search algorithm can be summarized neatly into four main steps: i Initialization of the system into
Ž . Ž .a superposition of states; ii Subject the system to a hashing function, C S , represented by a unitary operator,

U, given by

y1 0 0 PPP 0
0 1 0 PPP 0
. .. .0 1 PPPUs 1Ž .. .
. . . .. . . .0. . . .� 0
0 0 0 PPP 1

Ž .assuming that the first entry satisfies the search criteria and therefore undergoes a rotation of p radians
followed by a diffusion matrix, D, defined by

2 2
D s , if i/ j and D sy1q , 2Ž .i j i iN N
'Ž . Ž .for O N iterations; iii Measuring the resulting state. The heart of the process therefore hinges significantly

'Ž . Ž .on the on step ii and the O N iterations of the matrix DU'S. In this letter, we look closely into this
important step and scrutinized the ideas behind the efficiency.

We first consider the eigenvalues of the matrix S. It is not difficult, albeit somewhat tedious, to shown that
< <the eigenvalues of S all lie on the locus z s1, unit circle, on the complex Argand plane and are explicitly

� )4y1, PPP ,y1 ,h ,h ,
^ ` _

Ž .Ny2

Ž .) 2 2 Ny2 Ž .where the root h and h satisfy the equation z y zq1s0 see Appendix for details . Indeed, it can be
N

further shown that if the matrix S is diagonalized as PLPy1, with

w )xLsDiag y1, PPP ,y1 ,h ,h
^ ` _

Ž .Ny2

and

1 'hs Ny2y2 i Ny1 , 3Ž .Ž .
N

then the matrix P assumes the form

° ¶' '0 0 0 PPP 0 i Ny1 yi Ny1
y1 y1 y1 PPP y1 1 1
0 0 0 PPP 1 1 1
0 0 0 PPP 0 1 1

. 4. . . . . . . Ž .. . . . . . .. . . . . . .
0 0 1 PPP 0 1 1
0 1 0 PPP 0 1 1¢ ß
1 0 0 PPP 0 1 1

< < yi u Ž .Since h s1, we can rewrite the complex number h as e , where, using Eq. 3 ,

'Ny2 2 Ny1
cosus and sinus . 5Ž .

N N

In the quantum search, it is advantageous to seek the exact number of iterations needed so that in the
measurement process, one can be assured of high probability. In general, most algorithms demand that the
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Fig. 1. Rotation of the complex number z about the origin in the Argand plane for the optimization.

probability of locating the required record be greater than half. However, once we have diagonalized the S
matrix, we can assert a stronger condition. We can in fact seek for the number of iterations so that during the
measurement process, one gets the required record with almost unity probability. Let us suppose that we need m
iterations of the matrix S in order to achieve this optimal search. We therefore seek the value m such that

xX sU m x 6Ž .0

sPLmPy1 x , 7Ž .0

where the final state or vector xX and the initial state x are given by0

TXx s 1,0,0, PPP ,0 8Ž . Ž .
1 Tx s 1,1, PPP ,1 . 9Ž . Ž .0 'N

Ž .The superscript ‘T’ denotes transpose.
Ž . y1 X m y1Using Eq. 7 , we see that P x sL P x , and in the diagonalized basis, the problem reduces to finding0

the value of m so that the final state, yX
'Py1 xX, and the initial state, y 'Py1 x satisfy the relation0 0

yX sLm y . It is not hard to compute explicitly and show that in the diagonalized basis, the states yX and y are0 0

given by
Ti i

Xy s 0,0,0, PPP ,0,y , , 10Ž .ž /' '2 Ny1 2 Ny1
T1 i 1 i

y s 0,0,0, PPP ,0, y , q . 11Ž .0 ž /' ' ' '2 N 2 Ny1 2 N 2 Ny1
X 1 Xm y1 y1< < < < < < < <Note that L is still unitary and P x s P x s . Since y has no real parts, geometrically in theŽ .0 2 N y 1

Argand plane, an optimal search involves finding the amount of rotation mu such that the value
1 i

z' y' '2 N 2 Ny1

in the state y in the Argand plane is rotated, as shown in Fig. 1, to the purely imaginary number0

i
X

z 'y .'2 Ny1
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'p N Ž .Fig. 2. Graph of the ratio R between the large N limit of and the value of m in Eq. 12 against the values of the database size, N.
4

Thus, optimization can be achieved geometrically with

p
muqArg z s . 12Ž . Ž .

2

Ž .Now, we know from Eq. 5 that

'2 Ny1
y1us tan , 13Ž .

Ny2

Ž .and from Eq. 10 that

1
y1Arg z s tan . 14Ž . Ž .'Ny1

1 ' 'Ž . Ž .In the large N limit, that is N™`, we see that Eq. 12 gives m; p N ;o N as expected. However, for4

Ž .finite N, using Eq. 12 , we can work out exactly the number of steps needed to optimize the search algorithm.
1 ' Ž .In particular, we have plotted the ratio R between the large N limit of p N 4 and the value of m in Eq. 124

in Fig. 2. We see that for finite N, as it should be at the initial testing stage in which the number of qubits is
small, the difference can be quite significant.

Appendix A.

Consider the matrix SsDU and rewrite the matrix, S, in the form

yx y y PPP y

yy x y PPP y

yy y x PPP ySs , A.1Ž .
. . y.� 0

yy y y PPP x

2 2where xsy1q and ys so that xyysy1.N N
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< <The secular equation is given by Syl I s0 so that

yxyl y y PPP y

yy xyl y PPP y

yy y xyl PPP y< <Syl I s A.2Ž .
. . y.

yy y y PPP xyl

yxyl y y y y PPP y ¶
yy xyl y y y PPP y

0 yyxql xyyyl 0 0 PPP 0
•0 yyxql 0 xyyyl 0 PPP 0s Ny2 rowsŽ .

0 yyxql 0 0 xyyyl PPP 0
. . . . . ... . . . . . ... . . . . . ß0 yyxql 0 0 PPP PPP xyyyl

¶yxyl y y y y PPP y

yy xyl y y y PPP y

0 1ql y1yl 0 0 PPP 0 •s Ny2 rows A.30 1ql 0 y1yl 0 PPP 0 Ž . Ž .
0 1ql 0 0 y1yl PPP 0
. . . . . ... . . . . . ... . . . . . ß
0 1ql 0 0 PPP PPP y1yl

¶yxyl y y y y PPP y

yy xyl y y y PPP y

0 1 y1 0 0 PPP 0
Ny2 •s 1ql Ny2 rows A.40 1 0 y1 0 PPP 0Ž . Ž . Ž .

0 1 0 0 y1 PPP 0
. . . . . ... . . . . . ... . . . . . ß
0 1 0 0 PPP PPP y1

¶yxyl y y y y PPP y

yyqxql xyyyl 0 0 0 PPP 0

0 1 y1 0 0 PPP 0
Ny2 •s 1ql Ny2 rows A.50 1 0 y1 0 PPP 0Ž . Ž . Ž .

0 1 0 0 y1 PPP 0
. . . . . ... . . . . . ... . . . . . ß
0 1 0 0 PPP PPP y1

Ny2s 1ql yxyl Ay ly1 B , A.6� 4Ž . Ž . Ž . Ž .
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where the determinants A and B are defined as

¶y1yl 0 0 0 PPP 0
1 y1 0 0 PPP 0

•1 0 y1 0 PPP 0As Ny1 rows, A.7aŽ . Ž .. . . . ... . . . . ... . . . . ß1 0 0 0 PPP y1

¶y y y y PPP y

1 y1 0 0 PPP 0 •1 0 y1 0 PPP 0Bs Ny1 rows. A.7bŽ . Ž .. . . . ... . . . . ... . . . . ß1 0 0 0 PPP y1

However, it is possible to evaluate the determinants A and B since

y1 y l 0 0 0 PPP 0 y1 y l 0 0 0 PPP 0 ¶
1 y1 0 0 PPP 0 0 y1 0 0 PPP 0

Ny 1•1 0 y1 0 PPP 0 0 0 y1 0 PPP 0 Ž . Ž .A s s N y 1 rows s 1 q l. . . . . . . . . .. .
adding the columns. . . . . . . . . . . .. .. . . . . . . . . . ß

1 0 0 0 PPP y1 0 0 0 0 PPP y1

and, using the same trick,

y y y y PPP y Ž .N y 1 y y y y PPP y ¶
1 y1 0 0 PPP 0 0 y1 0 0 PPP 0

Ny 2•1 0 y1 0 PPP 0 0 0 y1 0 PPP 0 Ž . Ž . Ž .B s s N y 1 rows s y1 N y 1 y .
. . . . . . . . . .. .adding the columns. . . . . . . . . . . .. .. . . . . . . . . . ß
1 0 0 0 PPP y1 0 0 0 0 PPP y1

Finally, putting everything together, we see that the secular equation can be simplified as

Ny2< <Syl I s 1ql yxyl Ay ly1 B� 4Ž . Ž . Ž .

Ny2 Ny1 Ny2s 1ql yxyl 1ql y1 q 1yl y1 Ny1 yŽ . Ž . Ž . Ž . Ž . Ž . Ž .� 4
Ny2 Ny2s 1ql y1 xql 1ql q 1yl Ny1 y� 4Ž . Ž . Ž . Ž . Ž . Ž .

Ny2 Ny2 2 w x w xs 1ql y1 l ql 1qxy Ny1 y q xq Ny1 y� 4Ž . Ž . Ž . Ž .

2 2Ny2 Ny2 2 w xs 1ql y1 l ql y Ny1 q y1qNyŽ . Ž . Ž .½ 5ž /N N

2 Ny2Ž .Ny2 Ny2 2s 1ql y1 l y q1 . A.8Ž . Ž . Ž .ž /N

Ž .To obtain the eigenvectors, one only needs to consider the expression in A.4 by substituting the appropriate
eigenvalues. The result then follows immediately.
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