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Abstract

In a recent paper, Meyer demonstrated that with a quantum computer, an analogous zero-sum classically strategic game
played with quantum strategy essentially become a bias game under a mixture of quantum and classical strategy. To illustrate
his point, Meyer used a quantum coin tossing event. In this Letter, we generalize Meyer’s argume¥itdtatangamell 2000
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The construction of game theoretic models has al- Classically, this game is a zero-sum strategy, that is to
ways been an interesting and relevant tool for the de- say it is a fair game.
cision making process in industrial organization and  Inthe quantum version, the initial state of the coinis
economic theories [1,2]. Recently, the classical no- represented by a density matrpy, so that in the basis
tion of game theory has been generalized to include {|H), |T)}, where symbol# andT denote head and
quantum games [3,4] and extended to quantum game-tail, respectively, angyg is given by
bling [5]. Indeed, quantum eavesdropping [6,7] and

: . 10

the optimal copying of states [8] can also be regarded pg = ( 0 0) . ()
as strategic games between two or more players.

In a recent paper [3], Meyer demonstrated that in SupposeQ adopts a quantum strategy, thénuses
a classically two-person zero-sum strategic game, if a unitary rather than a stochastic matrix to act on the
one person adopts a quantum strategy, then he has &oin. Let this unitary transformation lig,, so that the
better chance of winning the game. Meyer’s strategy is state of the coin at the end of the transformation is
as follows: two person® and Q take turn to flipped given by p1 = UlpoUI. PlayerP, however, continues
a coin. P initially places the coin head up in a box. to play with a classical probabilistic strategy. Thus,
Thereafter,Q, then P and Q take turns to flip the P employs a convex sum of unitary (deterministic)
coin. Q wins if the coin is head up and loses otherwise. transformation, namely he either flips the coin using

the transformationF” with probability p or lets the
coin rest in its original state (using the identity

. transformation) with probabilityl — p), where
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Thus, atthe end af’s turn, the state of the coin should  Notice that there is one and only one non-zero entry in
be described by the density matrix each column and row. At the end of playgis turn,
the density matrix takes the form

p2=pFp1F +(1— p)p1. (3 :

. . . . _ =1-p1—-— + pimip1mw

Finally, 0 “flips” the coin using the unitary trans- p2=(=p + Ps)pLt p1 1'0; !
formation, U,, so that the final state of the coin is + pamapimy + - - + 5P (8a)

p3 = Uz2p2U,. Meyer has shown that iD selects —(—pp— e t

; ; : = 5)p1+ pimiMn

the unitary matriced/1 = U2 = H, where H is the P + P P + !
Hadamard transform given by + pamaMmy + - -+ + psrsM g (8b)
g Lt (1 1 4) " o
S /2\1 1) Finally, playerQ recoverspg by inverting M into po

usingUz = Uj.

then ps = po, independent of the probability. Thus
Q wins the game all the time.

Meyer’s strategy is really a quantum coin-tossing
event. In fact, we can generalize the situation by
replacing the coin which has only two possible states
(namely head and tail) with a roulette wiffi states.
Consider the situation foV = 3. In this case, the
generalization of the initial state reads

We next consider the case in whicth = 2 for
some integer. Experimentally, this can be realized
with a quantum roulette acting on anqubit. In this
generalizationQ continues to adopt a quantum strat-
egy using unitary matricel§; andUs. In the general-
ized case, playeP has a choice oN! “flips” or per-
mutations of theV states. We illustrate our generaliza-
tion with N = 4. In this caseP can chose with prob-

100 ability {1 — p1 — p2 —--- — p23, p1, p2, ..., p23} the
00 = <0 0 0) . (5) permutationgmg = 1, 71, 72, ..., w23}, Wherern; de-
0 0O notes a permutation of the set of integgts2, ..., 4}

to itself. Thus at the end a?’s turn, the density matrix

in ntum str with L .
Using a quantum strategy wit describing the state of the roulette is

1 1 1

Ur= v 6)  p2=)_ pimipimi, 9)
= _ < i=0
a0 %

with ", p; = 1. We can then show thatlf; = U, =
H ® H,thenpz = po.

To do this, we note that for any permutatiamn,
m;Mm; = M, where the matrixM has all its entries
equalto ¥ N. Note also that the matrices are square
matrices in which there is an entry unity in each row
and each column and zero everywhere else. Since
M has all entries equal, it does not matter how it is

player Q first rotates the initial density matrigg to
the form (U1poU7)i; = (o)ij = 5 =M for i, j =
1,...,3. Here the matrixM is the density matrix
after player Q’s first flip. For this case, playeP
has a choice of I3possible flips corresponding to all
the possible permutations of the &t 2, 3} to itself.
Specifically, playerP has the choice of choosing one
of the following “flips” [9]:

permuted.
1 00 In the case ofV = 4, the initial density matrix can
{no =1 m= (0 0 1) , be represented ag ® po. At the end ofQ’s first “flip”,
010 the density matrix describing the state of the roulette
0 1 0 0 0 1 is p1 = HpoH ® HpoH = M. This has the effect of
o= <1 0 o) . m3= (o 1 o) , initializing the initial state to a superposition of all
0 0 1 1 00 other states. Using Eq. (9), one readily sees that the
01 0 0 0 1 density matrix afterP’s turn assumes the formp, =
4= <0 0 1) , T5= (1 0 0) } (7) > i pip1= p1, SO that using the unitary transformation
1.0 0 01 0 Us, one getsos = po. The result generalizes easily to
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any integerN = 2". Indeed, forN # 2™, it is still

possible to define an optimal strategy if one notes that

it is always possible to rotate the initial density matrix
under some unitary transformation to a matrix with all
entries equal to AN

To summarize, we note that the idea in this general-
ization is to choose a unitary matri¥ so that the ini-
tial matrix, pg is rotated to the formd/. This procedure
is always possible since rafpg) = rankM) = 1.
At the end of the second player’s move, the new den-
sity matrix is alwaysV since the various permutations
do not change the form of the matrix. Finally, the first
player recovers the initial matrix usingy, = Uz. Fi-

nally, we note that a similar extension can also be ap-

plied to the quantum prisoner’s dilemma [4]. More-
over, such consideration can prove to be useful for
studying the problem of communicating over a quan-
tum Euclidean channel [10].
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