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Quantum and classical geometric phase of the time-dependent harmonic oscillator
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In a recent papdrY. C. Ge and M. S. Child, Phys. Rev. Le8, 2507(1997], by using a Gaussian wave
function, Ge and Child presented a nonadiabatic relation between the quantum Berry phase and the classical
Hannay angle for the time-dependent harmonic oscillator. In this paper, we present a perspective for this
relation without the use of a trial wave function. In particular, an exact explicit formula for the cyclic evolution
over the periodr in the parameter space of action invariant is obtained;-tfle+ 1/2) relation between the
guantum geometric angle and the Hannay angle is rigorously established.

PACS numbd(s): 03.65—w

I. INTRODUCTION J
,8=<CI)|E|(D>=—%09, (2
Since Berry’s seminal paper on the extra quantum geo-
metric phase associated with the adiabatic evolution of avhere g is the quantum geometrical phase afis the
physical systenj1], there has been a flurry of activities on nonadiabatic Hannay angle.
the subject[2]. Indeed, the rich and elegant formalism of = The purpose of this paper is to derive the same nonadia-
holonomy and connection lends itself naturally to the math-batic relation more rigorously from a perspective using ex-
ematical formulation of phenomendi]. It was observed ponential quadratic operatof42]. Our derivation has the
that when the dynamical phase is removed, the evolution ofdvantage that there is no assumption of a specific form for
the system is simply a parallel transport of the phase. Morethe initial wave function. The idea of gauge transformation
over, the adiabatic condition was subsequently found to berovides an elegant tool for nonadiabatic evolution. We will
unnecessary provided the integral of the expectation of thehow that by the same gauge transformation both the classi-
Hamiltonian is identified as the dynamical ph4d¢ cal and quantum nonadiabatic Hamiltonian have the same
The acquisition of a geometric phase in an adiabatic evodiagonalized form as that of the adiabatic Hamiltonian for
lution is not confined to quantum phenomena. The classicahe TDHO. Thus, in our formalism, by invoking gauge trans-
analog exists and is sometimes referred to as the Hanndgrmation, Hannay's angle can be calculated in an analogous
angle [5]. In another interesting papg6,7], Berry estab- manner to that for Berry’s phase. In Sec. Il, we briefly sketch
lished a semiclassical relation between the quantum and clasur technique. We see that the adiabatic formula in(Exjis
sical geometric phase in an adiabatic evolution. Specificallyalso valid for the nonadiabatic situation. In Sec. I, we es-
Berry showed that under the adiabatic approximation, theablish the nonadiabatic relation between the quantum and
classical Hannay angle and quantum geometric phase obejassical geometric phase. Naturally, our result reproduces
the following relation: the result found in Ref.8] when some winding numbers are
set to zero.

dyn(C) II. METHOD
Apg=———, (1)

Consider the Hamiltonian

H=1[a(t)x®+b(t)p2+c(t)(Xp+pX)]. 3
where A 6 is the adiabatic classical Hannay angtd and zLal) (Lp (LXp+Px)] &

vn(C) is the adiabatic geometric phadgerry’s phasg Fur-  This TDHO can be solved exactly through the Lewis method
thermore, if the Hamiltonian is a time-dependent harmonid13] or through gauge transformati¢t4]. In our approach,
oscillator (TDHO) [6], the analysis can be done exactly us-we choose the latter and invoke gauge transformdtidhto

ing quantum mechanics without any semiclassical approxisolve the Schidinger equation

mation. Recently, this relation between the quantum and

classical geometric phase has been extended to nonadiabatic i iw(t»: |:||llf(t)>- (4)
evolution for the TDHO[8-11]. To simplify computation, at

the authors substituted trial wave functions in their calcula- . B ,
tions in order to establish the relation To this end, we suppoge/(t))=U|4'(t)) so that the above

equation can be reexpressed in terms$ygf(t)) as
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. .U where A(t) = 8(t)| |2, B(t)=8(t)[|f|%/b3(t)], and C(t)=
H'=U"*HU—iU " —. (6)  —s(t)[Ref*)/b(t)]. The functions(t) is defined bys(t)
=[tc(t")dt’. (Note that a possible application of such an

From Ref.[14], we know that the solution of Eq4) can be  action-angle variable in quantum theory can be found in Ref.
obtained through gauge transformation and can be written g95] ) A direct calculation shows that

[#n(D) =U1(DHU2(H)U3(t)[n(1)), @)

2

R 0 X
_ 1oy —1 -1 -1 LT oW T o LT(
where =3 (X,p)Ly "Ly L ( 0 1)('—3 ) (L") (L) Pl
P (17)
Ui(t)=ex —EJOC“ JdU (Xp+pX) |, B =Uy(Ux(U5(D[F (p?
im(t) (f ), FW2RE) JU5(1) U2t Ut (18
= -+ — X
Ua(t)=ex 4 \FrE ) © wherel, is given by Eq.(15). It is instructive to note that
i R =ov(t)I.
_ _ 2008 1 A
U3(t)—eX[{ 4In|f| (Xp+pX)). (10 I1l. QUANTUM-CLASSICAL RELATIONSHIP
Here, the state We now study the— (n+ %) relation between the quan-
1 ¢ tum geometric phase and Hannay's angle. It has been
|n(t)>=ex;{—i(n+ 3 Wf %v(t’)dt’bn) pointed out in Ref[8] that their results “indicate that we
0 may treat Lewis’ invariant as an adiabatic Hamiltonian, the

is the eigenstate of the simple harmonic oscillatdy ~ Berry phase and Hannay angle of which are equal to the
=1 (W%%+p?), W is a real constant defined byy  nonadiabatic geometrical phase and angle of Hamiltonian”

=1 i(ff*—ff*), andv(t)=1[m(t)|f(t)|2]. The functions In EQ.(3). We now provide further insight into thisi idea and
f(t) and f*(t) are two linearly independent solutions of establish a stricter mathematical proof of thgn+ ;) rela-
equation g+ (m/m)q-+(k/m)gq=0, with m(t)  tion for the TDHO. Let us first recall the adiabatic treatment.
—exd2fle(t)dt o i)  and  k(t)=exg2/ie(t’)dt Ja(t). Quantum mechanically, if the Hamiltonian changes very

Moreover, applying the Baker-Campbell-Hausdorff formulaSIOWly with time, we can solve the Schtfinger equation
[12], the matricedJ; (i=1,...,3) obey the property approximately using the stationary eigenstate of the instanta-
' : neous Hamiltonian, i.e., we solve the equation of

X X
Ui l<t>(a)ui<t>=Mi<t>(a)’ (D AR()INR (1)) =EqIn(Ri(1)). (19
where This statgln(R;(t))) is the phase-corrected eigenstate of the
t HamiltonianH under theadiabatic approximation. The ex-
exp{j c(t’)dt’) 0 plicit expression fofn(R;(t))) can be obtained upon diago-
M (1) = 0 ' nalization oflil by the Bogoliubov transformation, i.e.A, if the
0 exr{ - Jtc(t’)dt’) eigenstate oH, is |n0(Ri(t))>,A then thAe eigenstate ¢f is
0 U|no(Ri(t))) provided thatUHU '=H,. The eigenstate
(12 obtained through adiabatic treatment is generally different
from the exactnonadiabatictreatment. For the exa@hona-
1 0 diabatig situation of the Hamiltonian defined by E@), one
Mo()=| m)[F §* , (13 can make use of gauge transformat[_(ln]. In Ref.[14], the
T(? + f—*) 1 phase-corrected solution for TDHO is
T |xn)=U1U,Ugz|n). (20
As defined earlierjn) is the eigenstate of the simple oscilla-
Ms(t)= BN E 149 o Ho. Moreover, theadiabatic solution of H’ =v (t)T can
[f(1)] be obtained by solving the instantaneous stationary eigen-
Note that the corresponding transformation for,f) is  State equation in Eq(19). We also see that the phase-
given bykal(t,O) (%,p)U(t,0)=(%,p)L,, and corrected statgy,), within a time-dependent phase factor, is

not only anadiabaticsolution of HamiltoniarH’, but is also

a nonadiabatic solution of the TDHO. By the first part of Eq.
(2), the same phase-corrected state should have the same
geometric phase. Thus, we conclude tifvat exact geometric

phase of a TDHQH, is equal to the adiabatic geometric

1 0 1 0
L= 0 i MT, o —il k=1,2,3, (15)

where the superscript denotes transpose.
Finally, it is worth noting that the invariant of the time-

dependent Hamiltonian is phase of_AH. _ o
A Classically, we can consider the same Hamiltonian de-
=2 [A(D)X%+B(t)p?+ C(t)(Xp+pX)], (16)  fined by Eq.(3). Denoting ¢=(}), we rewrite the Hamil
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tonian as H=1 ¢'N¢, and N=(?8)) EES) The equation of Comparing Eq(25) and Eq.(28), we see that the exact so-

motion is lution of the equation of motion oH is equivalent to the
adiabatic solution of the equation of motion ¢i’. Thus in

£=JIN¢ (21 phase space, they represent two identical tori with the corre-

sponding points of each torus having the same time evolu-

andJ=(_7 ). There exists a linear canonical transforma-tion. Consequently, corresponding points in the two tori will

tion defined byé=D¢’ such thatD is a symplectic matrix certainly enclose the same a®aMoreover, the invariant of

satisfyingD "IJD=J. Indeed, we have an equivalent equationthe adiabatic HamiltonianH’, given byH'/v(t)W=1, has

of motion oné¢’ sinced(Dé¢')/9t=INDéE’ and Eq.(21) re-  the same form as the invariant of tmenadiabaticHamil-

duces to a neater form given by tonian H. By the formula in Ref[7], namely, the Hannay
. angleA 6,=—d(A)/4l, this implies that the nonadiabatit
§'=IN"¢ (22 and the adiabatiél’ possess the same Hannay angle. Adia-
with batically, the Berry phase,, from HamiltonianH’ is related

to the Hannay anglé 6, from HamiltonianH" by Eq. (2).
JD Thereforethe same relation still holds for the nonadiabatic
N’=DTND+JD717- (23)  situation Putting Eq.(38) of Ref.[14] into Eq. (1), we im-
mediately get the followinghonadiabaticrelationship for
This is the analog of the gauge transformation for the TDHOHamiltonianH:
in quantum mechanics. Taking the transformation

D=Ly(t)La(t)Ls(), (24) Yo=—(n+3)Ab,, (29)
we get
W2 0 which agrees with the results in R¢]. Moreover, by set-
'gr:Jv(t)( g, (25) ting n=0, we havey,= —%Aag, reproducing the result in
0 1 Ref.[8].

Moreover, it can be shown that classical invarifusatisfies

IV. CONCLUSION

dl
—+{I,H}:=0, (26) ) . )
dat In summary, we reiterate the main points. We have estab-

lished more rigorously EdJ) relating the quantum geomet-
ric phase and the classical Hannay angle using gauge trans-
formation for the TDHO. No semiclassical assumption is

) (27)  invoked in our method. Moreover, the quantum and classical
systems are treated in the same manner with analogous equa-
tions. Our approach should also be applicable to the driven
TDHO as investigated in a recent work by Sdd@].

with the explicit form defined as in Eq17) by

_1 —1( ? 0) —1T(X
=30t 0T

However, for the Hamiltonian

|
= moror O
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