
PHYSICAL REVIEW A, VOLUME 62, 052110
Unified approach for exactly solvable potentials in quantum mechanics using shift operators

Mo-Lin Ge,1 L. C. Kwek,2 Yong Liu,1,2,3* C. H. Oh2,† and Xiang-Bin Wang2,‡

1Theoretical Physics Division, Nankai Institute of Mathematics, Tianjin 300071, People’s Republic of China
2Department of Physics, Faculty of Science, National University of Singapore, Lower Kent Ridge, Singapore 119260,

Republic of Singapore
3Laboratory of Numerical Study for Heliospheric Physics (LHP), Chinese Academy of Science, P.O. Box 8701,

Beijing 100080, People’s Republic of China
~Received 29 March 2000; published 17 October 2000!

We present a unified approach for solving and classifying exactly solvable potentials. Our unified approach
encompasses many well-known exactly solvable potentials. Moreover, our approach can be used to search
systematically for a new class of solvable potentials.
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I. INTRODUCTION

Exactly solvable potentials are extensively applied in
investigation of many physical systems in condensed ma
nuclear physics, quantum optics, and solid-state phys
Typical examples within this large class of potentials in no
relativistic quantum mechanics include the Morse poten
@1#, the Pöschl-Teller potential, and the Coulomb potenti
In particular, the Morse potential has provided a reasona
suitable approximation for studying anharmonicity and bo
dissociation of diatomic molecules at low vibrational leve
Recently, coherent states@2#, q deformation@3,4#, and the
phase space and transport properties of coupled Morse
tentials @5# have also been investigated. The Po¨schl-Teller
potential, on the other hand, has always been explored fo
short-range properties. Its generalized coherent states@6#,
nonlinear properties@7,8#, and supersymmetric extension@9#
have also been extensively studied. In recent years, unde
guise of supersymmetric quantum mechanics, the idea
shaped invariant potentials have also been mooted@14–18#.
In particular, a large class of such potential is the Natan
class@19–22#.

Algebraic methods@23,24# exploiting the underlying Lie
symmetry and its associated algebras have been widely
to study many of these exactly solvable potentials, for
stance, among many others, Darboux transformation, Inf
Hull factorization, Mielnick factorization, SUSY quantum
mechanics, inverse scattering theory@10#, and intertwining
technique @9#. Moreover, by exploiting an underlying
q-deformed quantum algebraic symmetry, Spiridonov@25#
has shown how a finite difference differential equation c
generate in the limiting cases a set of exactly solvable po
tials. Recently, algebraic method based on nonlinear alge
@4,7,8# has also been used to analyze these solvable po
tials. The main purpose of this paper is to develop a unifi
approach to obtain transition operators for a large class
exactly solvable potentials.
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In Sec. II, we briefly sketch the main ideas behind t
diagonalization process. We then sketch the main idea
hind our method of getting shift operators from Hamiltonia
with arbitrary solvable potentials in Sec. III. In Sec. IV, w
illustrate our method by showing how most of the exac
solvable potentials can be obtained through the method.
nally in Sec. V, we summarize our technique and disc
some subtle points associated with it.

II. METHOD

Suppose we have a physical system with HamiltonianH,
generalized coordinate operatorQ and generalized momen
tum operatorP satisfying the commutation relations@26#

@H,Q#5QQ1~H,I i ,ci !1PP1~H,I i ,ci !, ~1!

@H,P#5QQ2~H,I i ,ci !1PP2~H,I i ,ci !, ~2!

where I i , i PS for some arbitrary index setS are some in-
variants of motion of the system andci ,i PS are some con-
stants. Denoting

~@H,Q#,@H,P# !ª@H,~Q,P!#, ~3!

we find that we can recast the previous commutation eq
tions more succinctly as

~@H,Q#,@H,P# !U5@H,~Q,P!U#, ~4!

whereU is a 232 matrix so that the commutation relation
in Eq. ~1! can be rewritten as

@H,~Q,P!#5~Q,P!S Q1 Q2

P1 P2
D[~Q,P!M . ~5!

By diagonalizing the matrixM on the right-hand side of Eq
~5!, we see that

@H,~Q,P!U#5~Q,P!UU21MU

giving
©2000 The American Physical Society10-1
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@H,~Q,P!U#5~Q,P!US E1 0

0 E2
D ,

where E1 and E2 are the eigenvalues ofM. By defining
(Q,P)U as (S1 ,S2), we see that the operatorsS1 andS2 acts
as lowering and raising operators.

In the specific case of the one-dimensional harmonic
cillator @11,13#, the Hamiltonian is given byH5 1

2 (x21p2)
wherex is the coordinate operator andp52 i (d/dx) is the
momentum operator with commutator given by@x,p#5 i .
Moreover, it is obvious from the Hamiltonian that the fo
lowing commutation relations hold@H,x#52 ip, @H,p#
5 ix. Identifying Q andP asx andp, we see that

@H,~x,p!#5~x,p!S 0 i

2 i 0D . ~6!

Diagonalizing the matrix on the right-hand side of Eq.~6!
gives

@H,~x,p!U#5~x,p!UU21S 0 i

2 i 0DU

so that

FH,~x,p!
1

A2
S 1 1

i 2 i D G5~x,p!
1

A2
S 1 1

i 2 i D S 21 0

0 1D .

Thus,

@H,~a,a†!#5~a,a†!S 21 0

0 1D , ~7!

and we can therefore identifya[(1/A2)(x1 ip) and a†

[(1/A2)(x2 ip) as the natural shift operators arising fro
the diagonalization process. The harmonic oscillator is
simplest example. In general, it is possible to replace
coordinate operatorx and momentum operatorp by general-
ized ‘‘coordinate’’ operatorQ and ‘‘momentum’’ operatorP
which are functions of the operatorsx, p, H, and I i , i PS.
Physically, the energy spectrum will no longer be uniform
spaced since the eigenvaluesE1 andE2 associated with the
raising and lowering operators are in functions ofH and the
amount through which these operators raise or lower dep
very much on the energy level as well. This is the ma
source of nonlinearity in the algebra. Moreover, we note t
the coefficient matrixM in Eq. ~5! as well as the correspond
ing transformation matrixU are generally functions of the
Hamiltonian H, the invariants of motionI i and some con-
stantsci .

III. SHIFT OPERATORS

We next see how the shift operators can be obtained
Hamiltonians with arbitrary solvable potentials. This meth
can also be regarded as a means of searching systemat
for the solvable potentials. To this end, we begin with t
following Hamiltonian:
05211
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H5X~x!
d2

dx2
1V~x!, ~8!

whereX(x) is an arbitrary function of position andV(x) is
an arbitrary potential. Define

P~x,p!5Y~x!
d

dx
1Z~x! ~9!

with arbitrary functionsY(x) andZ(x) to be determined. It
is easy to show that the commutation relation betweenH and
P is

@H,P#5@2X~x!Y8~x!2X8~x!Y~x!#
d2

dx2

1X~x!@Y9~x!12Z8~x!#
d

dx
1X~x!Z9~x!

2Y~x!V8~x!. ~10!

Since X(x), Y(x), and Z(x) are arbitrary functions, it is
possible to set

X~x!~Y9~x!12Z8~x!!5aY~x!, ~11!

2X~x!Y8~x!2X8~x!Y~x!5@bQ~x!1g#X~x!, ~12!

wherea, b, andg are arbitrary constants andQ(x) is the
generalized ‘‘coordinate’’ to be determined, so that

@H,P#5@bQ~x!1g#H1aP2@bQ~x!1g#V~x!

2aZ~x!2Y~x!V8~x!1X~x!Z9~x!. ~13!

Furthermore, if we impose for simplicity

X~x!Z9~x!2@bQ~x!1g#V~x!2aZ~x!2Y~x!V8~x!

5Q~x! ~14!

and solved for the operatorQ(x) as

Q~x!5
1

11bV~x!
@X~x!Z9~x!2gV~x!

2aZ~x!2Y~x!V8~x!#, ~15!

we find

@H,P#5Q~x!~bH11!1aP1gH. ~16!

Concomitantly, we can also work out explicitly the expre
sion for the commutator ofH with Q(x) giving

@H,Q~x!#52X~x!Q8~x!
d

dx
1X~x!Q9~x!. ~17!

Finally, one can set

X~x!Q8~x!5lY~x!, ~18!

so that
0-2
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@H,Q~x!#52lP22lZ~x!1X~x!Q9~x!.

If the further constraint

22lZ~x!1X~x!Q9~x!5nQ~x!1t ~19!

is imposed, we arrive at

@H,Q~x!#52lP1nQ~x!1t. ~20!

Here,l, n, andt are constants to be determined. Note th
the quantitiest andgH can be absorbed in certain cases
a redefinition of the operatorsQ(x) andP so that we finally
obtain a semiclosed algebra. In the process, the param
a,b,g,l,n,t are not arbitrary but must satisfy some co
straints. It is also interesting to note that in the above c
struction of the shift operators, we are not constrained
commutation relation betweenQ(x) andP. Moreover, we do
not need to require the operatorsH, Q, andP form a closed
algebra, although for most of the well known exactly so
able Hamiltonians, these operators always inevitably form
closed algebra. However, to obtain the ground state, we n
to require that the Hamiltonian factorizes according toS1S2
;F(H,I i ,ci) for some arbitrary functionF.

In the construction, we should bear in mind thatY(x),
Z(x), Q(x), and a,b,g,l,n,t are all determined byX(x)
andV(x) when we construct the shift operators for a giv
Hamiltonian. Conversely, if we proceed with a systema
search for exactly solvable potentials based on this meth
we can have as many degrees of freedom as there are
parameters and functions, namely,X(x), Y(x), Z(x), Q(x),
anda,b,g,l,n,t.

IV. SOME SOLVABLE POTENTIALS

We can perform a systematic search for a class of exa
solvable potentials by solving Eqs.~11!,~12!,~15!,~18!,~19!.
Furthermore, the method is tantamount to a construction
the corresponding shift operators so that it is possible
obtain the energy spectrum and the underlying algebraic
mulation if necessary. Indeed, most of well known solva
potentials can be reproduced using the method by an ap
priate choice of functions and parameters.

Case1. X(x)521, Y(x)51. On substituting into Eqs
~11!,~12!,~15!,~18!,~19!, consistency requires the impositio
of the following constraints:

Q8~x!52l,

2bQ~x!2g50,

22Z8~x!5a,

22lZ~x!2Q9~x!5nQ~x!1t,

V8~x!1@bQ~x!1g#V~x!52Z9~x!2aZ~x!2Q~x!.

It is easy to solve these constrained equations to obta

Q~x!52lx1c1 , Z~x!52
a

2
x1c2 ,
05211
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V~x!5
1

2 S l1
a2

2 D x22~ac21c1!x1c3

andb50, g50, n52a, andt5c1n22lc2 with the inte-
gral constantsci ,i 51,2,3. This is the harmonic oscillator.

By substituting the solution of the constrained equatio
into Eq. ~5!, we get

@H,Q#52aQ12lP2~2lc21nc1!,

@H,P#5Q1aP.

A simple redefinition of the operatorsQ andP usingQ5Q̃

1 f andP5 P̃1g, where

f 52a
2lc21nc1

a212l
and g5

2lc21nc1

a212l

so that the operatorsQ̃ and P̃ take the form

Q̃52lx1c11a
2lc21nc1

a212l
,

P̃5
d

dx
2

a

2
x1c22

2lc21nc1

a212l

immediately give the equations

@H,Q̃#52aQ̃12l P̃,

@H,P̃#5Q̃1a P̃,

or more succinctly as

@H,~Q̃,P̃!#5~Q̃,P̃!S 2a 1

2l a D
which can be easily diagonalized to give the shift operat
S1 andS2 which satisfies the commutation relation

@H,~S1 ,S2!#5~S1 ,S2!S 2Aa212l 0

0 Aa212l
D

with

S15
1

a2Aa212l
Q̃1 P̃,

S25
1

a1Aa212l
Q̃1 P̃,

and

@S1 ,S2#52Aa212l. ~21!

It is clear from Eq.~21! that the shift operatorsS1 andS2 are
really the usual lowering and raising operators, resepctiv
0-3
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for the harmonic oscillators~simply set A52S1 /(a2

12l)1/4 and A†5S2 /(a212l)1/4). Having constructed the
shift operators, the ground state eigenvalue and eigenve
can be solved by the action of the lowering operator o
lowest weight state using the equations

Hc0~x!5E0c0~x!, S1c~x!50. ~22!

The results are easily found to be

c05B3expS 1

2
B1x21B2xD , ~23!

E05
1

2
Aa212l1c32

~c11c2a!2

a212l
, ~24!

whereBi ,i 51,2,3 are constants of integration.
Case2. X(x)521, Y(x)5x. As in Case 1, a simple

substitution into Eqs.~11!,~12!,~15!,~18!,~19! requires for
consistency the following constraints:

Q8~x!52lx,

2bQ~x!2g522,

22Z8~x!5ax,

22lZ~x!2Q9~x!5nQ~x!1t,

xV8~x!1@bQ~x!1g#V~x!52Z9~x!2aZ~x!2Q~x!.

By solving the equations, we obtain

Q~x!52
l

2
x21c1 , Z~x!52

a

4
x21c2 ,

V~x!5
1

8 S l1
a

2 D 2

x21
c3

x2
1

1

2 S a

2
2ac22c1D

with b50, g52, n52a, and t5l(122c2)1ac1. This
gives us the radial harmonic oscillator potential. The res
the details are similar to case 1, but we will provide some
the crucial results.

The shift operatorsS1 and S2 can be found through a
similar method with the explicit form of the operators give
by

S15Q̃1~a2Aa212l!P̃,

S25Q̃1~a1Aa212l!P̃

as before but with the redefined operatorsQ̃ and P̃ defined
by

Q̃52
l

2
x21c11

4l

a212l
H2

a

a212l
~l1ac122lc2!,
05211
tor
a

f
f

P̃5x
d

dx
2

a

4
x21c21

2a

a212l
H

1
1

a212l
~l1ac122lc2!.

Moreover, the following commutation relation, similar t
case 1, is also satisfied:

@H,~S1 ,S2!#5~S1 ,S2!S 2Aa212l 0

0 Aa212l
D .

Note that these operators depend onH so that the eigenval-
ues associated with the raising and lowering operators
pend on the energy level it is acting on. Thus the tower
states is no longer equally spaced. The commutation rela
for the shift operators is

@S1 ,S2#5
8l

Aa212l
S 2H1c11c2a2

a

2 D . ~25!

The ground state can be shown to be

c05B4x2(B2E01B3)expS 2
B1

2
x2D ~26!

with energy given implicitly by

~B2E01B3!21~B2E01B3!2c350. ~27!

Case3. X(x)521, Y(x)5aecx1be2cx. A similar substi-
tution into Eqs.~11!,~12!,~15!,~18!,~19! and solving the re-
sulting consistency equations give the solution

Q~x!52
l

c
~aecx2be2cx!1c1 ,

Z~x!52
a1c2

2c
~aecx1be2cx!1c2 ,

V~x!5c3~aecx1be2cx!221
1

4c2
@~a1c2!212l#

and b52(2/l)c2, g5(2c2/l)c1 , n52a22c2, t
522lc22nc1. This is the generalized Po¨schl-Teller poten-
tial @12#. Moreover, we also have the relationc11ac250.

The shift operators can be found similarly using the te
nique described in case 1 and the commutation relations
the shift operatorsS1 andS2 are

@H,S1#5S1@2c22A~a1c2!212l24c2H#, ~28!

@H,S2#5S2@2c21A~a1c2!212l24c2H#. ~29!

The explicit form of the shift operators are given by

S152Q̃
1

2l
@~a1c2!2A~a1c2!224c2H12l#1 P̃,
0-4
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S252Q̃
1

2l
@~a1c2!1A~a1c2!224c2H12l#1 P̃,

where

Q̃5Q1
g

b
5Q2c1 ,

P̃5P2c2

with commutation relation

@Q̃,P̃#5l~aecx1be2cx!2

and

@S1 ,S2#528abcAS a1c2

2c D 2

1
l

2c2
2H. ~30!

The ground state is given by

c05c4~aecx1be2cx!2A[(a1c2/2c)] 21l/2c22E0 ~31!

and the ground state energyE0 can be determined throug
the equation

F S a1c2

2c D 2

1
l

2c2
2E0G1cAS a1c2

2c D 2

1
l

2c2
2E01

c4

4ab

50. ~32!

Case 4. X(x)521, Y(x)5a sin(kx)1bcos(kx). For
this case, we get

Q~x!5
l

k
@a cos~kx!2b sin~kx!#1c1 ,

Z~x!5
a2k2

2k
@a cos~kx!2b sin~kx!#1c2 ,

V~x!5c3@a sin~kx!1b cos~kx!#222
~k22a!212l

4k2

and b52k2/l, g52(2/l)c1k2, n52k22a, t
5c1(a22k2)22lc2. This is the familiar Po¨schl-Teller po-
tential.

The shift operators are given by

@H,S1#5S1@k22A~a2k2!212l14k2H#

@H,S2#5S2@k21A~a2k2!212l14k2H#

with the operatorsS1 andS2 defined by

S15@a sin~kx!1b cos~kx!#
d

dx
2

1

2k
@a cos~kx!2b sin~kx!#

3A~a2k2!212l14k2H,
05211
S25@a sin~kx!1b cos~kx!#
d

dx
1

1

2k
@a cos~kx!2b sin~kx!#

3A~a2k2!212l14k2H

and the commutator given by

@S1 ,S2#522k~a21b2!AH1
l

2k2
1S a2k2

2k D 2

.

~33!

The ground state,c0, can be solved and found to be given b
the formula

c05c4@a sin~kx!1b cos~kx!#1/2k2A(a2k2)212l14k2E0,
~34!

whereE0 is the ground state energy determined through
equation

4k2

a21b2
c312k2A~a2k2!212l14k2E0

2@~a2k2!212l14k2E0#50. ~35!

Case5. X(x)52x, Y(x)5x. A similar substitution of
above trial functions yields

Q~x!52lx1c1 , Z~x!52
a

2
x1c2 ,

V~x!5
1

2 S l1
a2

2 D x1
c3

x
2~c11ac2!

and b50, g51, n52a, t5ac122lc2. This is the
case of Coulomb potential for the hydrogen atom.

The shift operators,S1 and S2, satisfy the commutation
relations

@H,S1#52Aa212lS1 ,

@H,S2#5Aa212lS2 ,

in the same manner as the case for the harmonic oscillato
case 1 and the radial harmonic oscillator in case 2 but w
the operators defined as

~S1 ,S2!5~Q̃,P̃!U,

where

Q̃52lx1
2l

a212l
H12l

c11ac2

a212l
,

P̃5x
d

dx
2

a

2
x1

a

a212l
H1a

c11ac2

a212l
,

and the matrixU given by
0-5
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U5S 1

a2Aa212l

1

a1Aa212l

1 1
D .

It is instructive to note that the commutation relation for t
shift operators can be computed succinctly as

@S1 ,S2#52
2

Aa212l
~H1c11ac2!.

A direct computation usingS1c050 yields the ground state
as

c05c4x2(c11ac21E0)/Aa212le(Aa212l/2)x, ~36!

where the ground-state energyE0 is given by

E05
Aa212l

2
~16A114c3!2c12ac2 , ~37!

choosing appropriately the correct minimal value.
Case6. X(x)52ecx, Y(x)51. As a final case, we look

the above choice, so that upon substitution into the appro
ate equations gives

Q~x!5
l

c
e2cx1c1 , Z~x!5

a

2c
e2cx1c2 ,

V~x!5
2l1a2

4c2
e2cx1c3ecx1

a

2c
~2c22c!1

c1

c

andb50, g52c, n52a, t5ac12l(c12c2). We
note that this is simply the case of Morse potential. As
case 5, the shift operatorsS1 andS2 obey the relations

@H,S1#52Aa212lS1 ,

@H,S2#5Aa212lS2 ,

with the shift operators defined by

~S1 ,S2!5~Q̃,P̃!U,

where

Q̃5
l

c
e2cx2

2lc

a212l
H,

P̃5
d

dx
1

a

2c
e2cx2

ac

a212l
H,

and the matrixU given by

U5S 1

a2Aa212l

1

a1Aa212l

1 1
D

05211
ri-

as before. The commutation relation between the shift op
tors S1 andS2 now reads

@S1 ,S2#52
2c2

Aa212l
S H1

2c11a~c12c2!

2c D . ~38!

Moreover, a straightforward calculation yields the grou
state as

c05c4expH 2
Aa212l

2c2
e2cx

1
a~c12c2!1cAa212l12c122cE0

2Aa212l
xJ , ~39!

and the ground state energyE0 is determined by

E05
1

2c
$2c11a~c12c2!1cAa212l6A2c3~a212l!%,

~40!

with an appropriate choice of sign.
Finally, we would like to comment briefly on the last tw

cases. Normally, for radial Coulomb problem and Morse
cillator, we deal with the following Schro¨dinger equations:

S 2
d2

dr2
1

l ~ l 11!

r 2
2

2Z

r
1

Z2

n2D cv,l~r !50

and

S 2
d2

dy2
1 l 2~12e2y!22 l 2D cv,l52S l 2v2

1

2D 2

cv,l ,

respectively. However, it is always possible to transform
above equations into more convenient forms as

S 2r
d2

dr2
1

l ~ l 11!

r
1r D cv,l52ncv,l

with r5(Z/n)r and

F2ex
d2

dx2
1S l 2v2

1

2D 2

ex1e2xGcv,l52lcv,l .

To get a deeper insight into this transformation, we note t
the Hamiltonian concerned can be rewritten as

H52
d2

dx2
1R~x!1

1

T~x!
,

where T(x) and R(x) are suitably chosen functions. Th
eigenvalue problem for stationary eigenstates takes the f

S 2
d2

dx2
1R~x!1

1

T~x!D c~x!5Ec~x!. ~41!
0-6
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Multiplying by the functionT(x), we see that the same e
genvalue problem now appear as

S 2T~x!
d2

dx2
1T~x!@R~x!2E# D c~x!52c~x!. ~42!

Hence, the original eigenvalue problem is now transform
into an equivalent eigenvalue problem with the Hamilton

H852T~x!
d2

dx2
1T~x!@R~x!2E#. ~43!

It is precisely with the new form that the potential can
solved more easily. For Coulomb and Morse potentials,
have therefore used the modified Hamiltonian.

V. DISCUSSION AND CONCLUSION

It is known that the local behavior of most solvable p
tentials reduces either to the harmonic oscillator or
Pöschl-Teller potential@27#. This fact is further confirmed by
the commutation relations between the Hamiltonian and
shift operators in Sec. IV. A quick glance at the various ca
clearly shows that the general form for the commutation
lations can be classified into two major categories, those
longing to the harmonic oscillator~cases 1, 2, 5, and 6!,
corresponding tob50, and those belonging to the Po¨schl-
Teller potential ~cases 3 and 4!, corresponding tob5” 0.
ys

05211
d

e

e

e
s
-
e-

Thus, algebraically, we should expect similar behavior
potentials belonging to the same class.

The inherent nonlinearity in the algebraic structure of t
shift operators, in whichFi(H)Si5SiGi(H), i 51,2, should
have a deep physical connections to the study of exa
solvable potentials in supersymmetric theory@13,28#. More-
over, the technique presented can be systematically anal
to encompass some of these supersymmetric potentials
deed, in Sec. IV, we have not entirely exhausted all po
bilities and provided a comprehensive list. However, it is
principle possible to do so. By exploring more complicat
functions X(x), Y(x), and Z(x), it is expected that more
complicated solvable potentials may arise.

Recently, there has been much interest generated reg
ing the computation of Franck-Condon factors for anh
monic oscillators @29,30#. In particular the Morse and
Pöschl-Teller potentials do not in general provide a simp
analytical expression for the Franck-Condon factors@31,32#.
Our technique should be able to cast new light on the ex
computation of the Franck-Condon factors for such pot
tials. More work in this direction will be reported elsewher
Finally, we note that the method can be extended easily
many-body potentials.
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